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We study specific features of resonant mode conversion in nonlinear waveguides stimulated 
by the bi-harmonic longitudinal modulation of its parameters, which includes changes of the 
waveguide depth as well as its bending (in the one-dimensional case) or spiraling (in the 
two-dimensional case). We demonstrate the possibility of simultaneous excitation of higher-
order modes of different parities and topologies with controllable energy weights. The out-
put mode composition is highly sensitive to the variation in the input power and detuning 
from the resonant modulation frequency. 
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Quantum revivals stimulated by periodic external fields, first introduced by I. Rabi in 
his pioneering work [1], were extensively studied in atomic, molecular, and other physical 
settings (see [2] for a recent review and references therein). Upon revivals the states occupy-
ing initially only one energy level of the system spread over several energy levels, but later 
the spreading is reversed, and the system comes back to its initial state. Such revivals occur 
periodically. Optical systems (such as multimode waveguides, waveguide arrays, photonic 
lattices or photonic crystals) provide a unique laboratory for the investigation of analogs of 
quantum revivals, since in such systems the direct monitoring of spatial intensity distribu-
tions and sometimes of propagation dynamics inside the sample is possible. Various resonant 
effects were already demonstrated experimentally in such settings [3-7]. An extensive recent 
survey of this topic can be found in Ref. [8]. 
In practice, optical revivals (or stimulated mode conversion) have been realized in op-
tical fibers, subjected to periodic mechanical stress, and in long-period photoinduced grat-
ings [9-12]. Conversion of guided modes, stimulated by shallow longitudinal refractive index 
modulations, was predicted in multimode waveguides [13] and demonstrated experimentally 
in photonic lattices [14]. Challenging problem, which is of special interest for numerous ap-
plications, is the realization of stimulated transition between states with trivial phase distri-
butions and vortex-carrying states that have essentially different topologies. Different ap-
proaches to the transfer of orbital angular momentum from a spiraling or stressed fiber-optic 
waveguide to a light beam were elaborated and presented [17-19]. In particular, the genera-
tion, cancellation, and revivals of different vortex states, which are mediated by shallow re-
fractive index modulations, were reported recently [20]. Similar effects may be observed in 
Bose-Einstein condensates held in optical traps and driven by resonant fields [21,22]. The 
control of the evolution and modal composition of the field is important in various areas of 
physics, especially when the field contains topological dislocations (see for example [23,24] 
and references therein). 
In this Letter we exploit new prospects for stimulated mode conversion opened by ap-
plication of bi-harmonic modulation of parameters of multimode nonlinear waveguides. To 
the best of our knowledge the revivals due to bi-harmonic modulation were never addressed 
previously. We start our analysis with one-dimensional linear Gaussian waveguide and show 
how periodic longitudinal modulation of linear refractive index, combined with harmonic 
bending, induces simultaneous conversion of fundamental mode into dipole and tripole 
modes, as well as different cascading transformations. The mode composition of the output 
light pattern (or energy weights of guided modes) can be efficiently controlled by tuning 
frequencies of bending and refractive index modulation. In the nonlinear regime, the output 
mode composition is sensitive to small variations of the input power. We also uncovered 
that two-dimensional settings enrich opportunities for linear and nonlinear mode conversion, 
since in such settings one can achieve simultaneous conversion into vortex and ring-like 
modes. 
We describe the propagation of light beams along the  -axis of transparent dielectric 
with cubic nonlinearity and nontrivial bi-harmonic spatial modulation of the refractive in-
dex by the nonlinear Schrödinger equation for the normalized light field amplitude ( , , )q    : 
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In this equation the transverse coordinates ,   are normalized to the characteristic scale 0r ; 
the Laplace operator has the form 2 2 2 2/ /      in the two-dimensional (2D) case 
and reduces to 2 2/    in the one-dimensional (1D) setting. The propagation distance 
  is normalized by the diffraction length 20kr , where 2 /k n   is the wavenumber; the 
nonlinear parameter 0  ( 0)  corresponds to defocusing (focusing) nonlinearity, and the 
guiding parameter 2 20 /p k r n n  is proportional to a small variation n  of the refractive in-
dex n . The function ( , , )R     describes the refractive index profile of the waveguide. In the 
case of fused silica (at 0.633 m   and 0 5 mr  ) the parameter 1p  corresponds to the 
refractive index contrast 40.7 10n  , while propagation distance 1  is equivalent to 
0.35 mm  of real propagation distance. Notice that Eq.(1) disregards backward scattering, 
which vanishes when the longitudinal refractive index modulation is slow in comparison 
with the wavelength   and when the refractive index contrast is low, i.e. / 1n n  . 
Further, we consider two different combinations of the refractive index modulation. In 
the 1D case the modulation of waveguide depth will be mixed with its harmonic bending: 
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while in the 2D case, the modulation of depth will be accompanied by periodic spiraling of 
the waveguide in the direction of propagation: 
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In Eqs. (2) and (3) a  is the waveguide width, ,d d   stand for the amplitude and spatial 
frequency of the depth modulation, ,b b   are the amplitude and frequency of waveguide 
bending in the one-dimensional case, and ,r r   are the amplitude and frequency of spiral-
ing in the two-dimensional case. 
In what follows, we focus our attention on the case of waveguides that support at least 
three guided modes, and study numerically how combined and nearly resonant modulation 
of the waveguide depth and bending (in the 1D case) or spiraling (in the 2D case) stimu-
lates mode coupling and conversion, and how Kerr-type cubic nonlinearity affects this pro-
cess. Notice that in a linear limit ( 0)  the evolution of light in such a system will demon-
strate features similar to evolution of populations in a three-level quantum system under the 
influence of bi-harmonic pumping. 
For preliminary insight into dynamics of this system in the linear limit and in the 1D 
case, it is instructive to use the standard technique of analysis of resonant mode coupling, 
based on the modal expansion: 0 1 20 0 1 1 2 2( , ) ( ) ( )e ( ) ( )e ( ) ( )eib ib ibq c w c w c w            , which, 
after the substitution of the light field in such form into Eq. (1), yields the system of equa-
tions describing the evolution of the complex mode amplitudes ( )jc   that is reminiscent of 
the system describing the evolution of populations of different levels under the effect of ex-
ternal field in quantum system: 
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where the exchange integrals are introduced as 
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( )kw   are the shapes of guided modes with different number of nodes k , kb  are the propa-
gation constants of different modes, jk j kb b    are the transitions frequencies, 0 0R R   
and 0 0/R R      are the profile and derivative of the profile of static waveguide. One 
can see from Eq. (4) that longitudinal modulation leads to resonant coupling of different 
modes. Notice that due to depth modulation, the exchange of energy is possible only be-
tween modes with equal parity 0 2w w , since otherwise the exchange integral jkS  vanishes 
for symmetric refractive index distribution 0 0( ) ( )R R   . On the other hand, bending in-
troduces interaction between modes of different parity ( 0 1w w  and 1 2w w ) because cor-
responding integrals jkA  contain anti-symmetric function 0 0( ) ( )R R     and are nonzero 
in this case. When depth modulation and bending act simultaneously, the power from 0w  
mode will flow simultaneously into modes 1w  and 2w . It should be stressed that under reso-
nant conditions ( 01b   and 02d  ) corresponding to most effective 0 1w w , 0 2w w  
coupling the transitions between exited states 1 2w w  are weak due to the presence of rap-
idly oscillating exponential factors 12exp[ ( )]bi    and 12exp[ ( )]di    in corresponding 
terms in Eqs. (4). Diagonal terms in the right part of Eqs.(4) stand for the trivial periodic 
phase modulation of the modal weights ( )jc   due to the depth modulation. Non-diagonal 
terms determine the rates of inter-modal energy exchange. For instance, at resonant condi-
tions and at 0d   the amplitudes 0 1,c c  oscillate with the frequency 01(1/2) bA , while at 
0b   Eqs.(4) predicts oscillations of 0 2,c c  amplitudes with the frequency 02(1/2) dS . Ob-
viously, bi-harmonic modulation opens broad prospects for the control of modal structure of 
the output field and realization of various cascade transformations. 
While the system of Eqs. (4) for mode amplitudes, obtained in the frames of coupled-
mode approach, allows to get main qualitative predictions about system dynamics, we fur-
ther resort to numerical integration of the full model (1)-(3). This is mainly due to the fact 
that idealized system (4) does not account for radiative losses that unavoidably occur upon 
longitudinal modulation of real refractive index landscape and that may become especially 
pronounced for higher-order modes. Radiative losses lead to continuous leakage of power 
from the system and impose the restrictions on the maximal possible modulation depth, 
which are absent in (4). Moreover, Eqs. (4) account only for direct resonances and do not 
take into account the possibility of parametric processes (one example with parametric gen-
eration of vortex modes for forbidden direct resonance is provided in Ref. [20]). Finally, Eqs. 
(1)-(3) allow most accurate inclusion of material nonlinearity that affects mode shapes and 
their propagation constants. 
The process of mode conversion in the one-dimensional case is illustrated in Figs. (1)-
(3). The results were obtained by direct solution of evolution Eq. (1). The static ( , 0)d b    
one-dimensional Gaussian waveguide supports at 2a , 2.3p  only three guided modes: 
fundamental 0w , dipole 1w , and tripole 2w  ones, with propagation constants 0 1.8110b  , 
1 0.9393b  , and 2 0.3042b  , correspondingly. In the limit of weak nonlinearity and for shal-
low modulation ( , 1d b   , 1 ), any solution of Eq.(1) can be adequately represented by 
the linear superposition of guided modes, and the contribution of each particular mode to 
the conserved total energy flow 2U q d


  can be characterized by its energy weight, 
which is introduced as 2( ) ( )k kc   , where 0,1,2k . Notice that the modes are normal-
ized in such a way that 2 1kw d


 . 
Figure 1(a) illustrates typical evolution of the energy weights 2( ) ( )k kc   , which 
were extracted from the instantaneous field distributions ( ) ( , ) ( )k kc q w d    


 , for the 
case when only fundamental mode 0w  is launched into waveguide at 0  under the condi-
tion of exact resonances: 01b   and 02d  . Corresponding evolution dynamics is illus-
trated in Fig. 2(a). Here we recall that the bending is responsible for conversion of the fun-
damental mode into the dipole one 0 1w w , while the depth modulation stimulates transi-
tion between fundamental and tripole modes 0 2w w . The modulation amplitudes ,b d   in 
Fig. 1(a) were adjusted to provide equal energy weights 1 2 0.5    of dipole and tripole 
modes at the same distance 232 . Notice that small-amplitude oscillations on 1 2( ), ( )     
dependencies are linked with a weak energy exchange between excited states 1 2w w . No-
tice that energy exchange is periodic, i.e. nearly all power returns into fundamental mode 
after one complete energy exchange period. Bi-harmonic modulation allows to realize cas-
cade processes 1 0 2w w w   and 2 0 1w w w  , when transition between initial and final 
states occurs via "intermediate" state, as shown in Figs. 1(b) and 1(c). Figures 2(b) and 2(c) 
illustrate evolution dynamics in the ( , )  plane encountered upon such cascading transfor-
mations. It should be pointed out that inclusion of the longitudinal modulation on addition-
al, third frequency may further enrich evolution dynamics of the system because it may di-
rectly couple for example 1w  and 2w  modes and this coupling may accompany cascading 
processes shown above. At the same time, already bi-harmonic modulation is sufficient to 
achieve any desired combination of all three modes at the output. 
For further discussion, we introduce relative frequency detuning of bending and depth 
modulation frequencies 01 01( )/b b      and 02 02( )/d d      from their resonant 
values and focus our attention on the resonant features of the bi-harmonic modulation. Fig-
ures 3(a) and 3(b) illustrate resonant curves for simultaneous conversion of the fundamental 
mode into the dipole and tripole ones 0 1 2( , )w w w  under the condition of exact resonance 
0d   between fundamental and tripole modes and for various detuning b  from reso-
nance between fundamental and dipole modes (the modulation amplitudes 0.0333d  , 
0.0167b   were fixed). One can see that already a few percent detuning of the bending 
frequency from the resonant value remarkably reduces the maximal possible weight max1  
(determined over all distances  ) of the dipole mode, thereby increasing maximal possible 
weight of the tripole mode max2 . Interestingly, the distances max max1 2,   at which weights of 
the dipole and tripole modes reach their maximal values may strongly differ for 0b   and 
they become nearly equal only in exact resonance. Figure 2(c) exemplifies the dependences 
of the maximal energy weights on the amplitude of bending b  at fixed 0.0333d  . One 
can see that by varying one of modulation depths one can control the modal content of the 
field. Increasing b  results in growth and subsequent saturation of max1 . Notice that varia-
tion of d  at fixed 0b   leads to a similar result. The main conclusion is that mode 
composition of the output pattern is very sensitive to small detuning of the bending or 
depth modulation frequency. 
We found that cubic nonlinearity (focusing or defocusing) drastically affects the pro-
cess of mode conversion under the action of bi-harmonic modulation (Fig. 4). Nonlinearity 
introduces additional shift of propagation constants of eigenmodes of the waveguide, which 
is different for different modes. As a result, the modulation and bending frequencies corre-
sponding to the most effective resonant conversion shift with increase of nonlinearity coeffi-
cient   [see Figs. 4(a) and 4(b) showing resonance curves for different   values]. The value 
of this shift is approximately proportional to the modulus of nonlinear coefficient  : reso-
nance frequency increases for focusing nonlinearity and decreases for defocusing nonlineari-
ty. Naturally, this shift radically changes modal content of the output field at fixed propa-
gation distance [see Fig.4(c) illustrating weights of the dipole and tripole modes at 232  
as functions of nonlinearity coefficient]. For example, the presence of small focusing nonline-
arity ( 0.15)  completely eliminates tripole mode 2w  from the output field distribution, 
while in the linear medium at the same distance this mode has weight 1 2 0.5    nearly 
equal to the weight of the dipole mode. The width of resonance in terms of nonlinearity co-
efficient is much smaller for higher-order modes than for lower-order ones. Figures 2(d)-2(f) 
illustrate dynamics of nonlinear mode conversion at different levels of focusing nonlinearity. 
This high sensitivity of the output mode composition to the input power variation may be 
also useful for practical applications. 
Even richer opportunities for linear and nonlinear mode conversion under the action of 
bi-harmonic modulation appear in two-dimensional settings, where one can achieve simulta-
neous transition between modes with trivial phase distributions and vortex-carrying modes. 
Figure 5(a) shows eigenmodes mkw  (here k  is the number of radial nodes and m  is the topo-
logical charge) of static 2D Gaussian waveguide with 1a , 10p . The single-hump fun-
damental mode 00w  with propagation constant 00 6.042b   is followed by the vortex mode 10w  
with 10 2.685b  , and then by the ring-like mode 01w  with trivial phase and propagation con-
stant 01 0.636b  . Simultaneous modulation of the waveguide depth and its spiraling at reso-
nant 5.406d   and 3.357r   lead to the excitation of both higher-order modes by the 
fundamental mode [see Fig. 6(d) with output intensity distribution in this case, while sepa-
rate excitation of vortex and ring-like modes by single-frequency modulation is shown in 
Figs. 6(b) and 6(c)]. If modulation and spiraling amplitudes are chosen properly, then ener-
gy weighs mk  defined as 2( ) ( )m mk kc   , where ( ) ( , , ) ( )exp( )m mk kc q r w r im drd      is 
the modal amplitude, ,r   are the radial and angular variables in the ( , )   plane, of two 
higher-order modes may become equal 1 00 1( 0.5)    at the same distance (for 0.002r   
and 0.0081d   it is given by 181 ). Just like in the 1D case, the variation in one of the 
modulation frequencies results in notable modifications of the maximal possible weights of 
both modes. Addition of focusing or defocusing nonlinearity allows to change mode content 
too, because the width of resonance in   is much narrower for the ring-like mode than for 
vortex-carrying one [see Fig. 5(b)]. In particular, gradual increase of   may lead to com-
plete elimination of ring-like mode from the output distribution [Figs. 6(d)-6(f)]. 
Summarizing, we studied resonant mode conversion in linear and nonlinear waveguides 
under the influence of bi-harmonic longitudinal modulation of its parameters. Such modula-
tion allows simultaneous excitation with controllable weights of modes having different pari-
ty. High sensitivity of the mode content of the output field to modulation frequencies and 
nonlinearity allows drastic modifications of the output intensity distributions. 
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Figure captions 
 
Figure 1. The weights of the 0 1, ,w w  and 2w  modes versus propagation distance in the 
linear medium at 0.0333b  , 0.0167d   at resonant conditions. In (a) only 
0w  mode was launched into the waveguide at 0 , in (b) – only 1w  mode, 
and in (c) – only 2w  mode. 
 
Figure 2. (a)-(c) Evolution dynamics in linear medium corresponding to Figs. 1(a)-1(c). 
(d)-(e) Evolution dynamics in nonlinear medium for different nonlinearity co-
efficients. In all cases 0.0333b  , 0.0167d  , 0b  , 0d   and total 
propagation distance is 460 . 
 
Figure 3. (a) Maximal mode weights and (b) distances where weights of different modes 
acquire their maximal values versus relative detuning b  (in percent) of the 
bending frequency from its resonant value at 0.0333b  , 0.0167d  , 
0d  . (c) Maximal mode weights versus d  at 0.025b  , 0b  , 0d 
. In all cases 0  and at 0  only 0w  mode was launched into waveguide. 
 
Figure 4. Weights of the 1w  and 2w  modes at 232  versus relative detuning b  at 
0.075  (a) and 0.1  (b) and 0.0333b  , 0.0167d  , 0d  . (c) 
Weights of the 1w  and 2w  modes at 232  versus nonlinearity coefficient at 
0.0333b  , 0.0167d  , 0b  , and 0d  . Circles correspond to propa-
gation dynamics shown in Fig. 2(a) and 2(d)-2(f). In all cases at 0  only 
0w  mode was launched into waveguide. 
 
Figure 5. (a) Linear modes of two-dimensional Gaussian waveguide. Black line shows 
potential well, while each mode profile is shifted in the vertical direction (by 
m
kb ) to show the position of corresponding energy levels inside the well. Here 
m  denotes topological charge and k  is the number of radial nodes. (b) The 
weights of the 01w  and 10w  modes at 181  versus nonlinearity coefficient at 
0.002r  , 0.0081d  , 3.357r  , and 5.406d  . 
 
Figure 6. Transverse intensity distributions in linear medium showing (a) input funda-
mental mode at 0 , (b) dynamically generated vortex mode at 257 , 
0.002r  , 0d  , and (c) dynamically generated mode with one radial node 
at 257 , 0r  , 0.0081d  . Panels (d)-(e) show the impact of weak defo-
cusing nonlinearity on the output intensity distribution at 181  in the case 
of complex two-frequency modulation with 0.002r  , 0.0081d  . Panels (d) 
-(e) correspond to circles in Fig. 5(b). In (d) the modes 01w  and 10w  have near-
ly equal weights, while with increase of nonlinearity the mode 01w  may be 
partially (e) or completely (f) suppressed. In all cases 3.357r  , 5.406d  . 
  





 
